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Abstract 


In this paper, we study tripotent elements and Smarandache triple tripotents 
(S-T. tripotents) in Z,, the ring of integers modulo n, and in group ring Z,G 
where G is a cyclic group of order 2n (n is an odd number). 
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Introduction 


The concept of m-idempotent was introduced by H. Chaoling and G. Yonghua 
at 2010,[2]. Smarandache concepts introduced by Florentin Smarandache [7]. 
Smarandache idempotent element in rings defined by Vasantha Kandasamy [8]. 
This paper has two sections. In section one we introduce the concept of 
Smarandache triple tripotent in rings (S-T. tripotent). We find the number of 
tripotents and S-T. tripotents and their forms in Z,,the ring of integers modulo n. 
In section two, we study tripotents and S-T. tripotents in the group ring Z,G, 
where G is a cyclic group of order 2n (n is an odd number), in particular, when n 
is a Mersenne prime that is a prime of the form 2* — 1 for some prime k, and we 
obtain their numbers. 


§1. Tripotents and S-T. tripotents in the ring Z,. 
In this section the concept of S-T. tripotent introduced. We study tripotents 


and S - T. tripotents in Z,, for n= 2, pq, pqr, for distinct primes p, q and r, 
we find the number of tripotents and S-T. tripotents and their forms. 
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Definition1.1.[2]. An element @ of a ring R is called tripotent (3—idempotent), if 
a’ =a. A tripotent element is said to be anon trivial tripotent if a? # a. 
Now, we introduce the concept of S-T. tripotent. 


Definition 1.2.Three distinct non trivial tripotents x, y, z in a commutative ring 
R called Smarandache triple tripotent (S-T. tripotent) if xy=z, xz=y and yz=x. 
The proof of the following result is easy. 


Proposition 1.3. In Z,, n > 2, the element [n-1] (equivalence class of n-1) is a 
non trivial tripotent (we write n-1 instead of [n-1]). 
The following useful Lemma is needed. 


Lemma 1.4 . If x is a non trivial idempotent of Z, and x-1 #5 , then x-1 and 


2x-1 are non trivial tripotents. 


Proof : Let x be a non trivial idempotent of Z, with x-1 #5 . Then x” = x (mod n). 


Now, (x-1)? =x -1 (mod n), hence x-1lis a tripotent. We have to show _ that 
(x-1) is not an idempotent. If (x-1)’ = x-l(mod n), then 1-x = x-1 (mod n). 
Hence 2(x-1)=0 (mod n). This means that n|2(x-1). If nis an odd number, 
then n|(x-1), hence x=1 (mod n) which is a trivial idempotent. If n is an 


even number, then x-1 = 0 (mod), so x-l= 3 (mod n) which isa 


contradiction with the assumption. Therefore x-l is a non trivial tripotent. 
Similarly we can show (2x-1) isa non trivial tripotent. = 
The converse of Lemma 1.4 is not true in general (if y and 2y+1 are non 


trivial tripotents, then it is not necessary that y+1 is an idempotent and y 4). 


Example 1.5. In Zoo, the ring of integers modulo 60, take y=4, then 2y+1=9. 
Clearly y and 2y+1 are non trivial tripotents, but y+1=5 is not an idempotent. 

In the following result, a condition under which the converse of Lemma1.4 
is true is given. 


Proposition 1.6. Let y and 2y+1 be nontrivial tripotents in Z,, such that 


(n, 12)=1. Then y+l1 is anontrivial idempotent and y #5 (mod n). 


Proof: From the assumption we have y° = y (mod n) and (2y+1)? = 2y+ 
(mod n). This implies that nj12 (y*+y). But (n,12)=1, so y’+ty=0 (mod n). 
Consequently (y+1)? = y+1 (mod n). Hence (y+1) is a non trivial idempotent, 


and clearly y #, (mod n). = 
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Proposition 1.7. The ring Z2n, n > 2 has exactly three non trivial tripotents, 
furthermore they forms a S -T. tripotent. 


Proof: By Proposition 1.3, the element (2"-1) is a non trivial tripotent, and 
easily one show that 2"'-1,2"'+1 are non trivial tripotents, and that the triple 
2"-1, 2™'-1, 2"'41, forms aS-T. tripotent. Now, suppose that x is any other 
non trivial tripotent. Then x (x*-1) =0 (mod 2"), so 2"| x(x’-1). This means 

that, either 2"|x or 2"|x7-1. If 2"|x, then x=0 (mod 2") which is a 
contradiction with x #0 (mod 2"). Thus 2"|x7-1, hence x*=1 (mod 2").This 
congruence has four solutions they are 1, 2”'-1,2"'+1 and 2"-1, [6]. The 
solution | is trivial and the others are the same as above. Hence Z>" has 
exactly three non trivial tripotents, and it is easy to show that the triple 
(2"1-1), (2"'+1), (2"-1) is a S-T. tripotent. = 


Proposition 1.8. Let p be an odd prime. Then Zpn, for n >1 has only one non 
trivial tripotent. 


Proof: By Proposition 1.3, the element p'-1 is a non trivial tripotent. Suppose x 
is any other non trivial tripotent in Zpn. Then x (x’-1) =0 (mod p"), this means 
that p"| x(x*-1). If n=1, p | x(x*-1), then p|x or p|x*-1, but pt x because 
otherwise x=0 (mod p), hence p|x*-1, so x°=1(mod p). The solutions of the 
congruence x°=1 (mod p) are 1, p-1 [1], but 1 is a trivial idempotent and p-1 is 
the same idempotent obtained by Proposition 1.3. Therefore there is exactly one 
nontrivial tripotent. Now, suppose n>1 and that x#p'-1 is any non trivial 
tripotent. Then x(x*-1)=0(mod p"). Since p is a prime, either p"|x or p"|x7-1. If 
p"|x, then x=0 (mod p") contradiction with x#0 (mod p"), therefore p"|x*-1, that 
means x°=1 (mod p"), but this congruence has exactly two incongruent solutions 
[6], either x=1 (mod p") which is a trivial idempotent or x =p"-1(mod p") 
which his the tripotent obtained from Proposition 1.3. Hence Zpn has exactly one 
non trivial tripotent. m 


Recall that if a, b are positive integers with (a, b) =d, then the Diophantine 
equation xatyb=c has infinite solutions if d| c and has no solution if d + c, we 
give the following result. 


Theorem 1.9. Let n=pq, where p and q are distinct odd primes. Then Z, has 
exactly five non trivial tripotents, and one S-T. tripotent. 


Proof: By Proposition 1.3, the element pq-1 is a non trivial tripotent of Z,. By 
Diophantine equation, there exist t, s «eZ, t>0 such that tq-sp=1 and there exist 
ti, Ss1¢ Z,t>O0O such that t)p-s;q=1l. It is shown in [4], that tq and tip are non 
trivial idempotents (In fact tip=nt+1 — tq (mod pq) ) of Z,g. Then by Lemma 1.4 
the elements tq-1, 2tq-1, n-tq and 1-2tq are non trivial tripotents. So we get 
five non trivial tripotents. Suppose that x be any other non trivial tripotent, thus 
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x°= x (mod pq), so x (x*-1) = 0 (mod pq), which means pq | x(x-1). There are 
three cases: 

(1) p|x and q|x7-1. 

(2) p| x°-1 and q| x, and 

(3) pq | x*-1. 

In case(1), x = 0 (mod p), hence x = kp (mod pq), for some k, 0<k<q-1l, and 
q\x°-1, then x°=I (modq), by [1], x=1 (mod q) or x=q-1(mod q). If x=1 (mod q), 
hence x=1+rq (mod pq) for some r, 0 <r<p-1, then kp-rq=1 which means x=kp 
is an idempotent (it is a trivial tripotent). When x = q-1 (mod q), we get x =s3q-1 
(mod pq) for some s3, 0 <s3< p-1l. Therefore s3q-kp=1, this means x=kp is a 
non trivial tripotent which is obtained before. 

Case (2) is similar. 

Case (3) pq|x’-1, then x°=1 (mod pq). This congruence has four solutions 1, 
1-2tq, 2tq-1 and pq-1, [6]. The solution 1 is trivial, the others was obtained 
before. Therefore Zpq has exactly five non trivial tripotents, and a simple 
calculation shows that the triple (n-1), (1-2tq), (2tq-1) is a S-T. tripotent.m 


Proposition 1.10. Let p be an odd prime. Then Zz, has exactly two non trivial 
tripotents. 


Proof: It is shown in [4], that Zz, has only two non trivial idempotents namely 
p and p+l. Then by Lemmal.4 the elements p-1 and 2p-1 are non trivial 
tripotents inZz,. But 2p-1 is the same tripotent obtained by Proposision1.3. 
Hence Z., has two non trivial tripotents. Suppose that x is any other non trivial 
tripotent, then x(x°-1) = 0 (mod 2p), there are two cases: 

(1) 2|x and p|x7-1. 

(2) 2|x?-1 and pjx. 

In case (1), x=0 (mod 2), hence x= 2t; (mod 2p), for some 0 < t; < p-1, and p|x’-1, 
then x’=1(mod p). The congruent x*= 1 (mod p) has exactly two solutions 1, 
p-l, [1]. Ifx =1 (mod p), then x =1+kp (mod 2p) for some 0 < k < 2p-1, hence 
2t;-kp=1 which means x=2t; is an idempotent. When x=p-l (mod p), 
hence x = s;p-1 (mod 2p) for some 0 < s; < 2p-1. Therefore s,p-2t,=1 this 
means x=2t; is anon trivial tripotent which is obtained before. 

Case (2), is similar. 

Hence Zz, has exactly two non trivial tripotents.m 


Theorem 1.11. Let n=p"q, where p, q are distinct odd primes. Then Z, has 
exactly five non trivial tripotents, and one S-T. tripotent. 


Proof: By Diophantine equation, there exist t, s € Z,t>0 such that tq-sp"=1. 
By similar method used in the proof of Theorem 1.9 one can show that 
p'q-1, tq-1, 2tq-1, n-tq and 1-2tq are non trivial tripotents in Zpng, and it is 
easy to show that the triple n-1, 1-2tq and 2tq-1, is aS-T. tripotent. = 
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Theorem 1.12. Let n=2pq where p and q are distinct odd primes. Then Z, has 
exactly ten non trivial tripotents and two S-T. tripotents. 


Proof: By Proposition 1.3, the element 2pq-1 is a non trivial tripotent. Suppose 
that p<q. Then by Diophantine equation, there exist t,s <¢ Z, t > 0 such that 
tq-sp=1 as (p, q)=l. As it is shown in [4], Z, has exactly 6 non trivial 
idempotents they are pq, pqtl, tq, 2pqt+l-tq, pq+tq and 1-tq+pq. By 
Lemma 1.4 the elements pq-1, 2pq-1, tq-1, 2tq-1, 2pq-tq, 1-2tq and pqttq-1 
are non trivial tripotents. The element 2pq-1 is the same non trivial tripotent 
obtained by Proposition 1.3, so we obtain seven non trivial tripotents and it is 
not difficult to show that 1-2tqt+pq, 2tq-l+pq and 2pq-tq+pq are also non 
trivial tripotents. Hence Z 24 has ten non trivial tripotents. Suppose that x is 
any other non trivial tripotent for Z2,4. Then x (x’-1) = 0 (mod 2pq), this 
means that pq|x(x*-1). There are three cases: 
(1) pqix or pq|x*-1 
(2) q|x and p|x™-1 
(3) q|x?-1 and p|x. 
In case(1), x=pq (mod 2pq), but pq is an idempotent, so it is a trivial tripotent. If 
pq|x’-1, then x°=1(mod pq), this congruence has the following four solutions, 
Iwhich is trivial, 2pq-1,1-2tq and 2tq-1 are obtained before. 
In case (2), x=0 (mod q), hence x=tiq (mod 2pq) for some t),0 < t; < 2p-1, and 
p|x’-1, then x°=1 (mod p), by [1] x=1 (mod p), or x=p-1 (mod p), are solutions of 
the congruence x=1 (mod p). If x=l (mod p), hence x=1+r p (mod 2pq), for 
some | < r< 2q-l, then tiq- rp=1, this means x=t;q is an idempotent. When 
x=p-1 (modp), hence x=s,p-l(mod 2pq) for some 1 < s; <2q-1. Therefore 
Sip-tiq=1, which means x=tiq is a non trivial tripotent which is_ obtained 
before. Case (3) is similar. 
Hence Z2p, has exactly ten non trivial tripotents. 
Now, we show that the triple (2pq-1), (2tq-1), (1-2tq) is a S-T. tripotent. 
(2pq-1) (2tq-1) =4tqpq — 2pq — 2tq+1 (mod 2pq) 

=1-2tq (mod 2pq), 
(2pq-1) (1-2tq) = 2tq-1 (mod 2pq), and 
(2tq- 1) (1-2tq) = 2pq-1 (mod2pq) 
Therefore (2pq-1), (2tq-1) and (1-2tq) is aS-T. tripotent. Similarly (pq-1), 
(1-2tq +pq), (2tq-1+pq) forms a S-T. tripotent. Hence Zy), has two S-T. 
tripotents. m 


The following example illustrates the above results. 


Example 1.13. 

1) The non trivial tripotents of Zs are 3, 5 and7. The triple 3,5, 7 isaS-T. 
tripotent, (proposition 1.7). 

2) Z243 has only one non trivial tripotent, namely 242, (proposition 1.8 ). 

3) Consider Z,, n=3.7=21. Now, 1(7) -2(3) =1 by Theorem 1.10, the tripotents 
are 6, 14, 20, 8, 13, and the triple 20, 8, 13 is a S-T. tripotent,(Theorem 1.9 ). 
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4) Zio has exactly two non trivial tripotents they are 4 and 9, (proposition 1.10 ) 

5) In Z135, 11(5)-2(27) =1. By Theorem 1.11, Zi35 has five non trivial tripotents 
54, 80, 26, 109, 134, and the triple 26, 109, 134 is a S-T. tripotent. 

6) In Zis4, 2(11)-3(7)=1. By Theorem 1.12 the elements 76, 21, 132, 98, 153, 
43,55, 120,111 and 34 are non trivial tripotents, the triples 153, 43, 111 
and 76, 120, 34 are S- T. tripotents. 


Theorem 1.14. Let n=pqr for distinct odd primes p, q, r. Then Z, has exactly 19 
non trivial tripotents, and at least three S-T. tripotents. 


Proof: By Proposition1.3, the element pqr-1 is a non trivial tripotent. Since 
(pq, r)=1 there are t,s € Z with t > 0 such that spq-tr=1, also there exist s;,t; E Z 
such that siqr-tir=1, and there are so, tz such that sopr-toq=1. It is shown in 
[4], Zpgr has 6 non trivial idempotents, they are spq, siqr, sopr, pqr+1-spq, 
pqrtl-s;qr and pqr+l-s2pr. By Lemma 1.4 the elements spq-1, 2spq-1, siqr-1, 
2siqr-1, sopr-1, 2szpr-1, 1-2spq, 1-2siqr, 1-2sz2pr, pqr-spq, pqr-siqr and pqr-szpr 
are non trivial tripotents. We can also show that the following six elements 
SPq-Siqr, Siqr-Spq, Spq-S2pr, Sepr-spq, siqr-Szpr and sopr-siqr are also non trivial 
tripotents in Z,. Suppose that x is any other non trivial tripotent of Z,, then 
x(x°-1)=0 (mod pqr). This means that pqr | x(x7-1). If pqr|x then x=0 (mod 
pqr), contradiction with x#0 (mod pqr). So we have the cases: 

(1) pqr|x?-1. (2) p|x and qr|x”-1. (3) p| x°-1 and qr|x 

(4) pq|x and r|x”-1. (5) pq|x?-1 andr] x. (6) pr|x and q| x”-1. 

(7) pr|x°-1 and q| x. 
In case (1), pqr| x°-1, then x’=1 (mod pqr). This congruence has 8 solutions they 
are 1, 2spq-1, 2siqr-1, 2sepr-1, 1-2spq, 1-2siqr, 1-2s2zpr and pqr-1, [6]. But 
all of them were obtained before. 
In case (2), x =0 (mod p), then x=tz3p (mod pqr), for some t3,0 < t3 < qr-1, and 
x’=1 (mod qr), hence, x*= 1+s3qr ( mod pgqr ), for some 3,0 < s3<p-1, thus 

(tsp) °-ssqr =1, hence x=(tsp)” is an idempotent. 
Case (3) x°=1 (mod p). Then x = 1 (mod p) or x=p-1(mod p). If x=1 (mod p), 
hence x=1+ kp (mod pqr), for some k, 0 < k < qr-1. When x = p-1(mod p), then 
x=k p-1 (mod pqr), for some ki, 1 < ki < qr-1, and x = qr (mod pqr), hence x = jqr 
(mod pqr), for some j, 1 < j <p-l, therefore jqr-kp =1 which means x=jqr is 
an idempotent, also kip-jqr=1, Leeds to a contradiction, since x=jqr is a non 
trivial tripotent. 

Cases(4) and (6) are Similar to case (3). 

Cases (5) and (7) are Similar to case (2). 
Hence Z,,,, has exactly 19 non trivial tripotents. One can show that the triples 
2spq-l, 1-2spq, pqr-1;  1-2siqr, 2siqr-1, pqr-1 and 2sypr, 1-2szpr, pqr-1 are a 
S-T. tripotents. = 

We have to mention here that in general there are more than three S-T. 

tripotents but we could not find their forms. 
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Example 1.15. The non trivial tripotents of Zj05, are 20, 104, 90, 35, 84, 71, 99, 
29, 34, 64, 49, 76, 56, 6, 50, 55, 41, 14, 69 and the triples : 29, 41, 34; 
69, 99,6; 4,49, 56; 20, 55, 50; 104, 41,64; 71,76,41; 64,71, 29; 

64, 76, 34; 104,71,34; 104, 76,24 are S-T. tripotents. 


§2. Smarandache triple tripotents in the group ring ZG 


In this section we study tripotents and S-T. tripotents in the group ring Z2G, 
where G is a cyclic group of order 2n (n is an odd number) generated by g, 
specially, when n is a Mersenne prime, and we obtain their numbers. For 
definition of group ring see[3]. We start by the following definition. 

Definition 2.1.[8]. Let R be a ring. An element 0 # x€ R is a Smarandache 
idempotent (S-idempotent) of R if 
1) x°=x. 
2) There exists a € R\ {0, 1, x} 
i) a =x and 
il) Xa = a (ax =a) or ax=x (xa =x). 
a called the Smarandache co-idempotent (S-co-idempotent). 
The following lemma is needed. 


Lemma 2.2. Let o be a S-idempotent of the group ring Z2G, where G is a cyclic 
group of order 2n (n is an odd number) generated by g and f be a S-co-idempotent 
of a with oB=B. Then B, a+B+g" and a+B+1 are non trivial tripotents. 


Proof: Since BB is a S-co-idempotent of a , we get BR? =a 8B, 
consequently B? = 8, hence B is a non trivial tripotent. Then (a + B + g")? = 
a+ 6 + g”, hence a + B + g” is a non trivialtripotent.Similarly a +B +1 is 
a non trivial tripotent. = 


Theorem 2.3. In the group ring Z2G, where G is a cyclic group of order 2n (n is an 

odd number) generated by g, for anyk distinct integers t;<t2<::-<t,, 0 <k, 
t; <n-1 for eachi, gt+g%+---+g'k+pMt+ontitontte+...t9nttk and 

1 + ghtgte+..tgtk+pnttitontte+...tgmttk are non trivial tripotents. 
Moreover the number of non trivial tripotents is equal to ps ae + De) 


Proof: Let ty, tz-+,t, be any k distinct integers with 0 < t,<t2<---<ty, tj, 
k<n-l. Let d,agiitgt+--tgtk+on+ pnttitontte+...tonttk Then 

dj=e74 } grt bein sc gtk } gen } g2nt2ti + g2ntates...-g2ntath— | dx . 

Hence d?= dx, so d, is a nontrivial tripotent. Using some known facts from 
probability theory, the number of such tripotents is yr 7("5*).Clearly g is 
also a non trivial tripotent we denote do=g". 

Let f, = 1 + gut { giz foe et gtk { oor { port feet guihe Then 

f7 = 1+ git tgta cag gtk gnth tgntt, erga gh =1+ f,. 
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Hence f, = f,, so f, is a non trivial tripotent. Also using some known facts 
sigs : : n-1/n-1 

from probability theory, we get the number of such tripotents is })7 a ’, 

Hence the number of non trivial tripotents we obtain is )§-1(",*) + L24(",*) a 


Remark 2.4. If 04, 42, 3, °*+, Gp are m non trivial tripotents of Z2G, where G is a 
cyclic group of order 2n(nis anodd number ) generated by g, and ai#f 

for alli, where B is a S-co- idempotent of the S—idempotent 

a=g* + gt+ --- + g72-2/5] where a #a;, then a, +a, +0,;+--+, is a 
tripotent if m is an odd number, and 1+a, + a2 + 43 +°::+ Qy is a tripotent if 
m is an even number. 


Proposition 2.5. In the group ring ZG, where G is a cyclic group of order 2n (n 
is an odd number) generated by g, if a,, a2 are any two non trivial tripotents in 


Z2G, then the triple a4, a2, 1+, + a, isaS-T. tripotent. 


Proof: Since in the group ring ZG _ the tripotents obtained are of the form 
d, or f, given in Theorem 2.3, then we have the following cases: 


Case 1: a,,a, are of the type d,. Let 


1 gf gee Lead gée bgt + gti onttrs..4gntte , and 
a> = dy= gst +gS2 re gsh r gn gnts1 + gnts2+... Hon tsh. 
where £1, 2, ..., 2 and Sj, So, ..., Sh are e and h distinct integers 


respectively, €j;< n-1, s;<n-1 for each i, j. By Remark 2.4, 1 + a, + a2 is also a 
non trivial tripotent. We claim that the triplea,, a2, 1 +a, +a isa S - T. 
tripotent. For this purpose we describe the multiplication a,a in the following 
array say A: 


ly+s ly,+5s vee l4+5s NT n+l,+s n+l, +s see n+l,+s 
g 1751 g 1752 g 1 h ig 1 g 1751 g 17152 g 1 h 
Ip+s Ip+s. ven In+5s NT nt+lp+s N+l2+5s seis N+lp+s 
g 2 ak g 2752 g 2 h ig 2 g 2 1 g 2 2 g 2 h 
lets lets. tats pe N+lets Nt+lets. nNt+let+s 
g eri g ets2 g eToh e g ere. g ets2 oor g eToh 
TUS: TUS: TUS Zn Z2nN+S gents NFS 
ig : ig 4 Pies ig ut ig = a g 2 2 op. h 
n+l4+s n+l, +s n+l,+s 2n+1 2n+l,+s 2n+l,+5s 2n+l,+s 
g 1791 g 15F92 g 1 h g 1 g 1 1 g 1792 g 1 h 
N+ly+5S N+lp+5s N+Ilp+s 2n+1 2n+lz+s 2n+lz+5s 2n+lz+s 
g 2 1 g 2 2 g 2 h g 2 g 2 1 g 2 2 g 2 h 
nNt+lets N+lets. nNt+let+s 2n+let+s 2n+let+s eee 2n+let+s 
g oo g Cs g one g oo g S58 g eorle 
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A=(ajj| Getaxone where aj is the summand of a,a,which is equal to the 


product of the ith summand of a, with jth summand of a. Considering the first 
and the (e+2) th rows of this array we see that if gloccurs in one of them it occurs 
in both of them for each i except ( i= n+€;, 01), (as g?"**1 = g*1), By adding 
the terms of these two rows it remains only g*t + g"*1 (observing that the 
coefficient of each g' , i=1, --, 2n-1 is in ZG). Again by adding the second and 
the (e+3) th rows in this array, according to the same argument it remains 
only g*2 + g"*#2, Proceeding in this manner we will get the (e) th and the 
(2e+1) th rows, adding there terms it remains only g*e + g"t*e, So by adding 
all terms of this array we get, 1+ g@itg?2+..-tpte+gntfitpntte4...tgntte 4 
gt + g52 + ---+ gSh + gMtS1 4+ pmts2 4 ... + g™tSh = 1+, + Q2, which is 
clearly anon trivial tripotent in second type. By the same way we get 
a,(1 +0, +02,)=a2 and a,(1+a,+a,)=a,. Therefore the triple 

Q1, Az, 1 +a, +a, is a S-T. tripotent. 


Case 2: a@,,@z are of the type fx. 

Let a,=f, = 1+ g%+ gt2t---tgti tgnttitontte+...to™tli, and 

i= fj =1+ gm gm beet gm pontma gutme eee enn , 

such that r), 1%, ...,r; and mj, mp, ..., mj are i andj distinct integers respectively, 
t <n-1, m<n-1 for each k, t, so by Remark 2.4, 1 + a, + a2 is also a non trivial 
tripotent. By using same method as in casel, we get that the triple 

Q4, Az,1 +0, +a, is a S-T. tripotent. 


Case 3: a, of the type d, anda, of the type f, , where 

a, = di, = gst at gs2 et tessa st gsh ae gn af gntsi ue gnts2 ohm eas ae gntsh, 
a =f, =1+ gf tgta eee ge gnhes tgntes osc ed gntte and 
Such that sj, so, ..., sh and #;, £2, ..., 2. are h and e distinct integers respectively, 
Ss; <n-l, ?; <n-1 for each i, j, then by Remark 2.4 the element 1+ a, + Q; is 
also a non trivial tripotent. If 1+a,+a2 belongs to first type, then we get case 1 if 
it belongs to second type, then we get case 2. Hence the triple a4, a2,1 +a, + 
Q, isaS-T. tripotent. , m 


Theorem 2.6. The group ring ZG, where Gisacyclic group of order 2n 
(n is an odd number) has’ at least 2" non trivial tripotens and 


n-1 n-1_ é 
(7 ; ) - =(? ; ‘) S-T. tripotents. 


Proof: By Theorem 2.3, the group ring ZG, has 2"'+ 2™'-1=2"-1 non trivial 
tripotents. It is shown in [5], that if G is generated by g, then a= g*+ g*+ 
+f gnl4 gntl + ...4 g2n-2 is a S-idempotent and B = g+g? +--+ 9" 2 + 
gnt2 4...4 92n-1 is a S-co-idempotent. By Lemma 2.2, B is also a non trivial 
tripotent. Then ZG has at least 2" non trivial tripotents. By Proposition 2.5, for 
any two non trivial tripotents a, ,a@z in Z,G, the triple a@,,a@,1 +a, + ais a 
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S-T. tripotent. Using some probability theory we get that, the number of such S-T. 
tripotents is ce) + oa): 7 


Example 2.7. Consider the group ring Z»G, where G =(g | g'°=1) is a cyclic 


group of order 10, generated by g. Then by Theorem 2.6, the group ring ZG has 
32 non trivial tripotents and the number of S-T. tripotents is 155. We list 


some of non trivial mipoients and S-T. tripotents 
g, stg tegtg te te te", Ste te te te rete, ete, gtg 


ligig’, Igte g’tg’, ltg'tg't g'tg, Itgtg te'+ sitet’, 
gtg'tg*'s’, gtetg’+g” are anon trivial PApOLns: The triples g°, gtg 
i 4, 


l+g ne and Teta” l+g*+ 9’, 1t+g+g*+g°+ g” are S-T. tripotents 


Theorem 2.8.The group ring ZG, where G isacyclic group of order 2p 
(p is Mersenne prime ) has at least 2?+(2™-—2) non trivial _ tripotents 
and om + see S-T. tripotents, where m= . 

Proof: By Theorem 2.6, the group ring Z2G_ has at least 2” non trivial 
tripotents. It is shown in [5] that if Gis generated by g, then every element 
of the form a,p=g?? +g? 4 92°? + ...4 9?" is a S-idempotent of the group 
ring Z,G, where @ is an odd number less than p, and Bp=g’ + g@ + g's +--+ 
g'k-1 + gtk, is a S-co-idempotent of a,» with apBy= Bp, where t; is defined by 
x, if 5x; is odd (2 <Si<k) 

xitp if xi is even (2 <i <k). 

andx;, i 22 is the smallest positive integer such that x;< 2p. 

Thus x; = 2'£ (mod 2p), this means x; =2'£—2pr, for some ré€ Zt. 
S-idempotents of the form a,» called basic S-idempotents. Moreover it is shown 
that the sum of any number S-idempotents is also a S-idempotents, also it is 
proved that if ais any such S-idempotent and f is a S-co-idempotent of a, then 
ap=B. By Lemma 2.2, S-co-idempotent are non trivial tripotents. Since the 
number of such S-co-idempotents is 2-1, each of which is a non trivial tripotent. 
But one of these 2”-1 S-co-idempotents namely B=gt+g? +--+ g™* + gt? + 
--+ 9701 is one of the 2” non trivial tripotents obtained from Theorem 2.6, and 
no three of them form S-T. tripotent. Therefore the number of non trivial 
tripotents we obtained is 2? + (2™-—2)and the number of S-T. tripotents 


obtained is ow + (Gare rT 


2 2 


i= 
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